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On Two Conjectures About Set-graceful Graphs
M. MOLLARD AND C. PAYAN
I. INTRODUCTION
B. D. Acharya [I] has introduced the notion of set-graceful graphs, a set analog of the
well known graceful numbering of graphs.
Following this author, a set-indexer of a graph G = (V, E) is an injective set assignment
f: V --+ 2x (where 2x is the power-set of X) such that the induced set assignment on edges
F' :E --+ 2x defined by f6 ({u, v}) = f(u) 6 f(v) V {u, v} E E(G) is also injective (where
6 is the symmetric difference).
A graph is set-graceful if there exists a non-empty set X and a set indexer f: V --+ 2x such
that j " (E) = 2x - {0}.
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FIGURE I. A set-graceful labelling of K6 •
B. D. Acharya gives the following conjectures [1, 2]:
CONJECTURE I. For every integer m ~ 2 the cycle of length 2m - I is set-graceful.
This conjecture was also proposed in an equivalent formulation during the problem
session at the third International Conference Theorie des Graphes et Combinatoire in
Marseille (June 1986).
A necessary condition for a graph to be set-graceful is clearly IE(G)I = 2m - 1. For a
complete graph K, this gives n = (l + Ji)/2 with t = 2m +3 - 7.
CONJECTURE 2. For every integer m such that t = 2m +3 - 7 is a perfect square, the
complete graph of order n = (I + Ji)/2 is set-graceful.
In this note we prove the first conjecture and disprove the second.
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2. PROOF OF CONJECTURE I
Let p be a prime and consider the polynomials with coefficientsin GF(p). Basic reults on
finite fields or random number generators tell us that for every integer m and every prime
p there is at least one primitive polynomial of degree mover GF(p) (see, for example, [3]
or [4]). Such a polynomial P(x) is irreducible and {Xi mod P(x), i = I, ... r" - I} is the
set of all non-zero polynomials overGF(p) of degree atmostm - 1. Let X = {l , ... ,m}.
If we take such a polynomial with p = 2 and label the successive vertices of C2m _ 1
(following an arbitrary orientation) by x, x", ... ,~m_l (mod Pix) we know that we have
all non-zero polynomials of degree at most m - lover GF(2) and thus every non-empty
subset of X (associating to the polynomial a1 + a2x + ... + am~-I the set {i E X[a, #- OD.
Now if we take two consecutive vertices labelled Yand Z associated to Xi (mod P(x» and
Xi+l (mod P(x», the set Y Is Z is associated to the polynomial Xi + Xi+ 1 (mod P(x».
Assuming that Xi + Xi+ 1 == xi + xi+ 1 (mod P(x» with};;:::: i, we have x'(x + 1)
(1 + xJ-i) == 0 (mod P(x». But P(x) is irreducible and hence divides neither X + 1 nor Xi.
Therefore, I + x'::' == 0 (mod P(x», but} - i < 2m - 1; thus} = i.
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FIGURE 2. A set-graceful labelling of C7 induced by the primitive polynomial Xl + X + 1.
In fact, we consider the polynomials Xi + Xi+ul + xi+U2 + ... + Xi+Uk with U1 <
U2 < ... < u, < m we have also the same property, because equality of two values
implies that x'(I + XU1 + XU2 + ... + XUk ) (1 + Xi-i) == 0 (mod P(x»; therefore
I + xi- i == 0 (mod P(x» and then} = i.
Given an arbitrary orientation to C2m _ 1 , let h be the mapping from GF(2)m to GF(2)m
(viewed as the vector space of polynomials of degree s; m - 1 and coefficients in GF(2»
which maps the polynomial associated to a vertex to the polynomial associated to its
successor, and with h(O) = O. It is easy to prove that, by the above construction, using all
primitive polynomials we obtain al labellings such that h is linear. An interesting open
question would be the existence of a labelling such that h is non-linear.
3. DISPROOF OF CONJECTURE 2.
The first values of m such that 2m+3 - 7 is a perfect square are 1,2,4, 12, which gives
n = 2,3,6 and 91. K2 , K 3 and K 6 are set-graceful but K 91 is not. In fact, K 2 , K 3 and K6 are
the only set-graceful complete graphs. T. Nagell [5] has proved that there is no integer m
greater than 12 such that 2m+3 - 7 is a perfect square. Therefore we can only consider the
case m = 12; but our disproof is elementary and is independent of the value of m and so
we prefer to look at the general case without using the above result.
Assume, then, that IE(Kn ) / = 2m - 1 with m ;;:::: 2 and that K; is set-graceful. In a set
of cardinality m there are 2m - 1 subsets of each parity. Consider a partition of V(Kn ) in A
and B with Vx E A (resp. B) f(x) is odd (resp. even). By the symmetric difference between
a vertex of A and one of B we obtain all the odd subsets of X thus:
(1)
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Therefore IA I and IBlare powers of 2. By the symmetric difference between the vertices
of A and the vertices of B we obtain all the even non-empty subsets of X, thus:
= 2m - I - 1.IAI (IAI - 1) IBI (IBI - 1)2 + 2
Therefore, one of the terms is odd, say (I A I (I A I - 1))/2. Then IA I
IBI = n - 2 and
(2)
2 and therefore
2m - I = IAI.IBI = 2 (n
IAI(IAI - 1) IBI(lBI - 1) 1
2 + 2 +
2),
2 (n - 2)(n
+ 2
3)
(3)
(4)
(3) and (4) have no other solution than n 3 or 6.
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